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We study XY and dimerized XX spin-1/2 chains with random exchange couplings by analytical
and numerical methods and scaling considerations. We extend previous investigations to dynamical
properties, to surface quantities and operator profiles, and give a detailed analysis of the Griffiths
phase. We present a phenomenological scaling theory of average quantities based on the scaling
properties of rare regions, in which the distribution of the couplings follows a surviving random
walk character. Using this theory we have obtained the complete set of critical decay exponents of
the random XY and XX models, both in the volume and at the surface. The scaling results are
confronted with numerical calculations based on a mapping to free fermions, which then lead to an
exact correspondence with directed walks. The numerically calculated critical operator profiles on
large finite systems (L ≤ 512) are found to follow conformal predictions with the decay exponents
of the phenomenological scaling theory. Dynamical correlations in the critical state are in average
logarithmically slow and their distribution show multi-scaling character. In the Griffiths phase,
which is an extended part of the off-critical region average autocorrelations have a power-law form
with a non-universal decay exponent, which is analytically calculated. We note on extensions of our
work to the random antiferromagnetic XXZ chain and to higher dimensions.
I. INTRODUCTION
Quantum spin chains exhibit many interesting phys-
ical properties at low temperatures which are related
to the behavior of their ground state and low-lying ex-
citations. In this context one should mention quasi-
long-range-order (QLRO), topological order and quan-
tum phase transitions, which have purely quantum me-
chanical origin. Considering isotropic antiferromagnetic
chains for integer spins there is a gap, whereas half inte-
ger spin chains are gap-less [1]. However, alternating cou-
plings in spin-1/2 chains yield a dimerized ground state
that has physical properties similar to the spin-1 chain:
there is a finite gap, spatial correlations decay exponen-
tially and there is string topological order.
Randomness may have a profound effect on the phys-
ical properties of quantum spin chains, as demonstrated
by recent analytical and numerical studies [2]. As an
interplay of randomness and quantum fluctuations there
are new exotic phases in disordered quantum spin chains,
which are not present in classical random or pure quan-
tum systems. It has been noticed, that pure gap-less
systems are generally unstable against weak randomness
[3,4], whereas for gaped systems a finite amount of dis-
order is necessary to destroy the gap [5–7] (but see also
[8]).
Among the theoretical methods developed for disor-
dered quantum spin chains one very powerful procedure
is the renormalization group (RG) approach introduced
by Dasgupta and Ma [3]. This RG method, which is
expected to be asymptotically exact at large scales, i.e.
close to critical points, has been applied for a number
of random quantum systems. The fixed point distribu-
tion of the RG transformation has been obtained ana-
lytically for some random quantum spin chains, among
others for the transverse Ising spin chain [9], the spin-
1/2 Heisenberg and related spin chains with random an-
tiferromagnetic couplings [4]. On the other hand some
other one-dimensional problems (S = 1/2 Heisenberg
chain with mixed ferromagnetic and antiferromagnetic
couplings [10,11], S = 1 antiferromagnetic chain with
and without biquadratic exchange [5–7], etc.), as well as
higher dimensional random quantum systems [12] have
been studied by numerical implementation of the RG pro-
cedure. Comparing the RG results with those obtained
by direct numerical evaluation of the singular quantities
[13–16] and by other exact [17,15] and numerical meth-
ods one has obtained a good agreement in the vicinity of
the critical point.
There are, however, other interesting singular quanti-
ties, which are not accessible by the RG method. We
mention, among others, the dynamical correlations [18]
and the behavior of the system far away from the crit-
ical point in the Griffiths phase [19], which denotes an
extended region of the parameter space around the crit-
ical point. In the Griffiths phase the system is gap-
less, thus dynamical correlations decay with a power-law,
however there is long-range-order with exponentially de-
caying spatial correlations. For the random quantum
Ising chain dynamical correlations, both at the critical
point and in the Griffiths phase have been exactly deter-
mined [20–22] using a mapping to the Sinai model [23],
1
i.e. random walk in a random environment.
In this paper we are going to study the S = 1/2 dis-
ordered XX and XY spin chains by analytical and nu-
merical methods and by phenomenological scaling theory.
The RG treatment of the problem by Fisher [4] predicts
the antiferromagnetic random XX fixed point to control
the critical behavior of the antiferromagnetic Heisenberg
(XXX) model, too. Furthermore, for random isotropic
chains the RG approach predicts QLRO, thus the av-
erage spatial correlations of different components of the
spin decay with a power-law. In this so called random
singlet (RS) phase all spins are paired and form singlets,
however, the distance between the two spins in a singlet
pair can be arbitrarily large. Then these weakly cou-
pled singlets dominate the average correlation function,
therefore all components of the correlation function are
predicted to decay with the same exponent.
Leaving the critical state by introducing either
anisotropy or dimerization, randomness will drive the
system into the Griffiths phase. As shown by an RG anal-
ysis [5], applicable in the vicinity of the RS fixed point,
the Griffiths phase is characterized by the dynamical ex-
ponent, z, defined by the asymptotic relation between
relevant time (tr) and length scales (ξ) as
tr ∼ ξz . (1.1)
The dynamical exponent is predicted to be a continuous
function of the quantum control parameter (anisotropy
or dimerization) and the singular behavior of different
physical quantities (specific heat, susceptibility, etc.) are
all expected to be related to the value of the dynamical
exponent.
The RG predictions by Fisher [4] and others [5] have
been confronted with results of numerical studies [24–26],
especially in the RS phase of isotropic chains, but some
cross-over functions of correlations have also been studied
in the Griffiths phase. In the RS phase some numerical
results are controversial: in earlier studies [25] a different
scenario from the RG picture is proposed (in particular
with respect to the transverse correlation function), later
investigations on larger finite systems have found satis-
factory agreement with the RG predictions [26], although
the finite-size effects were still very strong.
In the present paper we extend previous work in several
directions. Here we consider open chains and study both
bulk and surface quantities, as well as end-to-end corre-
lations. We develop a phenomenological theory which is
based on the scaling properties of rare events and deter-
mine the complete set of critical decay exponents. We
calculate numerically (off-diagonal) spin-operator pro-
files, whose scaling properties are related to (bulk and
surface) decay exponents [27] and compare the profiles
with predictions of conformal invariance. Another new
feature of our work is the study of dynamical correla-
tions, both at the critical point and in the Griffiths phase.
Finally, we perform a detailed analytical and numerical
study of the Griffiths phase and calculate, among others,
the exact value of the dynamical exponent, z in Eq.(1.1).
The structure of the paper is the following. The model
and its free-fermion representation are presented in Sec-
tion 2. A phenomenological theory based on the scaling
behavior of rare events is developed in Section 3. Re-
sults in the critical state, where there is quasi-long-range
order in the chains is presented in Section 4, whereas
the Griffiths phase is studied in Section 5. We discuss
the extensions of our results to random antiferromagnetic
XXZ chains and to higher dimensions in the final Sec-
tion, whereas some technical calculations are presented
in the Appendices.
II. THE MODEL AND ITS FREE-FERMION
REPRESENTATION
A. The XY and XX models
We consider an open XY chain (i.e. with free bound-
ary conditions) with L sites described by the Hamilto-
nian:
H =
L−1∑
l=1
(
Jxl S
x
l S
x
l+1 + J
y
l S
y
l S
y
l+1
)
, (2.1)
where the Sµl (µ = x, y) are spin-1/2 operators and the
couplings (Jµl > 0) are independent random variables
with distributions πµ(Jµ). The quantum control param-
eter is the average anisotropy defined as:
δa =
[ln Jx]av − [ln Jy]av
var[ln Jx] + var[ln Jy]
, (2.2)
where var(x) is the variance of random variable x and
[. . .]av denotes average over quenched disorder. For δa >
0 (< 0) there is long-range-order in the x (y) direction,
i.e. limr→∞[C
µ(r)]av 6= 0, where
[Cµ(r)]av = [〈0|Sµl Sµl+r|0〉]av , (2.3)
and for δa = 0 the system is in a critical state with quasi-
long-range-order, where correlations decay algebraically,
i.e.
[Cµ(r)]av ∼ r−η
µ
. (2.4)
In the XX model, where the x and y couplings are cor-
related as Jxl = J
y
l = Jl, we introduce alternation such
that even (e) and odd (o) couplings, connecting the site
2i, 2i+ 1 and 2i− 1, 2i, respectively, are taken from dis-
tributions ρe(Je) and ρ
o(Jo), respectively. For the XX
model the quantum control parameter is the average
dimerization defined as:
δd =
[ln Jo]av − [ln Je]av
var[ln Jo] + var[ln Je]
. (2.5)
The RS phase is at δd = 0, whereas δd 6= 0 corresponds
to the random dimer (RD) phase. Throughout the paper
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we use two types of random distributions, both for the
XY and XX models. For the XY model with the binary
distribution the Jx couplings can take two values λ > 1
and 1/λ with probability p and q = 1 − p, respectively,
while the couplings Jy are constant:
πx(Jx) = pδ(Jx − λ) + qδ(Jx − λ−1);
πy(Jy) = δ(Jy − Jy0 ) . (2.6)
At the critical point (p − q) lnλ = ln Jy0 . The uniform
distribution is defined via
πx(Jx) =
{
1, for 0 < Jx < 1
0, otherwise
πy(Jy) =
{
(Jy0 )
−1, for 0 < Jy < Jy0
0, otherwise
. (2.7)
and the critical point is at Jy0 = 1.
For the XX model the corresponding distributions
ρe(Je) and ρo(Jo) follows from the correspondences:
Jx → Je, Jy → Jo,
πx(Jx)→ ρe(Je), πy(Jy)→ ρo(Jo) . (2.8)
Note that the critical points of the two models (δa = 0
and δd = 0, respectively) are not equivalent due to the
different disorder correlations.
B. The XY chain and the directed walk model
Using the Jordan-Wigner transformation, the XY
model Hamiltonian in Eq.(2.1) can be rewritten as a
quadratic form in fermion operators. It is then diago-
nalized through a canonical transformation which gives
H =
L∑
q=1
ǫq(η
+
q ηq −
1
2
) . (2.9)
The fermion excitations are non-negative and satisfy the
set of equations
ǫqΨq(l) = J
y
l−1Φq(l − 1) + Jxl Φq(l + 1)
ǫqΦq(l) = J
x
l−1Ψq(l − 1) + Jyl Ψq(l + 1); (2.10)
with the boundary conditions JxL = J
y
L = 0. The vec-
tors Φq’s and Ψq’s which are related to the coefficients of
the canonical transformation are normalized. They enter
into the expressions of correlation functions and thermo-
dynamic quantities.
Usually one proceeds [28] by eliminating either Ψq or
Φq in Eqs.(2.10) and the excitations are deduced from
the solution of quadratic equations. This last step can
be avoided by introducing a 2L-dimensional vector Vq
with components:
Vq(4l − 3) = Φq(2l− 1), Vq(4l − 2) = Ψq(2l− 1),
Vq(4l − 1) = Ψq(2l), Vq(4l) = Φq(2l); (2.11)
and noticing that the relations in Eqs.(2.10) then corre-
spond to the eigenvalue problem of the matrix:
T =


0 0 Jy1
0 0 0 Jx1
Jy1 0 0 0 J
x
2
Jx1 0 0 0 J
y
2
Jx2 0 0 0 J
y
3
Jy2 0 0 0
. . .
. . .
. . .
. . .
. . . JyL−1
JyL−2 0 0 0 J
x
L−1
JyL−1 0 0 0
JxL−1 0 0


(2.12)
The matrix T can be interpreted as the transfer matrix
(TM) of a directed walk (DW) problem on four inter-
penetrating, diagonally layered square lattices. Each
walker makes steps with weights Jxl and J
y
l between next-
neighbor sites on one of the four square lattices and the
walk is directed in the diagonal direction (see Fig. 1).
According to Eqs.(2.10), changing Φq into −Φq in Vq,
the eigenvector corresponding to −ǫq is obtained. Thus
all information about the DW and the XY model is con-
tained in that part of the spectrum with ǫq ≥ 0. Later
on we shall consider this sector. We note that similar
correspondence has been established earlier between the
DW and the transverse-field Ising model (TIM) [29].
The eigenvalues of T in (2.12) are of two classes. For
q = 2i − 1, i = 1, 2, . . . , L the odd components of the
eigenvectors are zero, i.e. V2i−1(2j) = 0, j = 1, 2, . . . , L,
whereas for the other class with q = 2i the even compo-
nents are zero, V2i(2j − 1) = 0. Consequently T can be
expressed as a direct product T = Tσ
⊗
Tτ , where the
trigonal matrices Tσ , Tτ of size L×L represent transfer
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matrices of directed walks. As a result one has to diago-
nalize these two matrices of size L× L. Thus for chains
with even number of sites, L = 2N , the two classes of
eigenvectors are given in terms of the variables Φ and Ψ
via:
ǫ2k−1 : Φ2k−1(2j) = Ψ2k−1(2j − 1) = 0
ǫ2k : Φ2k(2j − 1) = Ψ2k(2j) = 0 (2.13)
for i, j = 1, . . . , N . Furthermore we assume that the vec-
tors Φqand Ψq are normalized to 1 separately.
For the XX model the even and odd sectors are degen-
erate, ǫ2k−1 = ǫ2k, thus it is sufficient to diagonalize only
one matrix. In this case one has the additional relations:
Φ2k−1(2j − 1) = Ψ2k(2j − 1) ,
Φ2k(2j) = Ψ2k−1(2j) .
XX−model (2.14)
The matrices Tσ and Tτ are in one-to-one correspondence
with the eigenvalue problem of one-dimensional TIM-s.
This exact mapping for finite open chains is presented in
Appendix A.
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FIG. 1. Sketch of the directed walk problem correspond-
ing to the transfer matrix given in eq. (2.12). Note that one
has two independent walks in the t-direction of the diagonally
layered square lattice, corresponding to the independent sub-
spaces for the eigenvalue problem (see text). The coupling
strength Jx,yi are the transition rates for the random walker
from one sites in row i to those in row i± 1.
C. Local order-parameters
Next we are going to study the long-range-order in the
ground state of the system. Having free boundary condi-
tions, as in (2.1), the expectation value of the local spin
operator 〈0|Sxl |0〉 (and 〈0|Syl |0〉) is zero for finite chains.
Then the scaling behavior of the spin operator can be ob-
tained from the asymptotic behavior of the (imaginary)
time-time correlation function:
Gxl (τ) = 〈0|Sxl (τ)Sxl (0)|0〉
=
∑
〈n|
|〈n|Sxl |0〉|2 exp[−τ(En − E0)] , (2.15)
where |0〉 and |n〉 denote the ground state and the nth
excited state of H in Eq. (2.1), with energies E0 and
En, respectively. In the phase with long-range-order the
first excited state is asymptotically degenerate with the
ground state in the thermodynamic limit, thus the sum
in Eq. (2.15) is dominated by the first term. In the large
τ limit limτ→∞G
x
l (τ) = (m
x
l )
2, thus the local order-
parameter is given by the off-diagonal matrix element:
mxl = 〈1|Sxl |0〉 . (2.16)
In the free fermion representation Sxl is expressed as [28]
Sxl =
1
2
A1B1A2B2 . . . Al−1Bl−1Al (2.17)
with
Ai =
∑L
q=1Φq(i)(η
+
q + ηq) ,
Bi =
∑L
q=1Ψq(i)(η
+
q − ηq) .
(2.18)
Using |1〉 = η+1 |0〉 the matrix-element in Eq. (2.16)
is evaluated by Wick’s theorem. Since for i 6=
j 〈0|AiAj |0〉 = 〈0|BiBj|0〉 = 0 we obtain for the local
order-parameter:
mxl =
1
2
∣∣∣∣∣∣∣∣
H1 G11 G12 . . . G1l−1
H2 G21 G22 . . . G2l−1
...
...
...
. . .
...
Hl Gl1 Gl2 . . . Gll−1
∣∣∣∣∣∣∣∣
, (2.19)
where
Hj = 〈0|η1Aj |0〉 = Φ1(j)
Gjk = 〈0|BkAj |0〉 = −
∑
q
Ψq(k)Φq(j) . (2.20)
For surface spins the local order-parameter is simply
given by mx1 = Φ1(1)/2, which can be evaluated in the
thermodynamic limit L → ∞ in the phase with long-
range-order, when ǫ1 = 0. Using the normalization con-
dition
∑
l |Φ1(l)|2 = 1 we obtain for the surface order
parameter:
mx1 =
1
2

1 + L/2−1∑
l=1
l∏
j=1
(
Jy2j−1
Jx2j
)2
−1/2
XY
mx1 =
1
2

1 + L/2−1∑
l=1
l∏
j=1
(
J2j−1
J2j
)2
−1/2
XX.
(2.21)
We note that this formula is exact for finite chains if
we use fixed spin boundary condition, SxL = ±1/2, wich
amounts to have JyL−1 = 0. In the fermionic description
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the two-fold degeneracy of the energy levels, correspond-
ing to SxL = 1/2 and S
x
L = −1/2, is manifested by a zero
energy mode in Eq. (2.9) and from the corresponding
eigenvector one obtains mx1 in Eq. (2.21) for any finite
chain.
For non-surface spins the expression of the local order-
parameter in Eq. (2.19) can be simplified by using the
relations in (2.13). Then, half of the elements of the de-
terminant in (2.19) are zero, the non-zero-elements being
arranged in a checker-board pattern, and mxl can be ex-
pressed as a product of two determinants of half-size,
which reads for l = 2j as:
mx2j =
1
2
∣∣∣∣∣∣∣∣
H1 G1,2 G1,4 . . . G1,2j−2
H3 G3,2 G3,4 . . . G3,2j−2
...
...
...
. . .
...
H2j−1 G2j−1,2 G2j−1,4 . . . G2j−1,2j−2
∣∣∣∣∣∣∣∣
×
∣∣∣∣∣∣∣∣
G2,1 G2,3 . . . G2,2j−1
G4,1 G4,3 . . . G4,2j−1
...
...
. . .
...
G2j,1 G2j,3 . . . G2j,2j−1
∣∣∣∣∣∣∣∣
. (2.22)
The local order-parametermyl , related to the off-diagonal
matrix-element of the operator Syl can be obtained from
Eqs. (2.19) and (2.21) by exchanging Jxl ↔ Jyl .
For the Szl operator the autocorrelation function,
Gzl (τ), can be expressed in a similar way as G
x
l (τ) in Eq.
(2.15) and its long time limit, limτ→∞G
z
l (τ) = (m
z
l )
2, is
given by the local order parameter
mzl = 〈φz |Szl |0〉 . (2.23)
Here |φz〉 denotes the lowest eigenstate of H in Eq. (2.1)
having a non-vanishing matrix-element of Szl with the
ground state. In the free fermion representation Szl can
be written as [28]
Szl =
1
2
AlBl (2.24)
and the off-diagonal order-parameter is given by:
mzl =
1
2
| − Φ1(l)Ψ2(l) + Ψ1(l)Φ2(l)| . (2.25)
For the XX model one can obtain simple expressions
using the relations in Eqs. (2.14) as:
mz2i−1 =
1
2 [Φ1(2i− 1)]2 ,
XX−model (2.26)
mz2i =
1
2 [Ψ1(2i)]
2 .
D. Autocorrelations
Next we consider the dynamical correlations of the sys-
tem as a function of the imaginary time τ . First, we note
that the correlations between x-components of the sur-
face spins can be obtained directly from eq(2.15) as:
Gx1(τ) =
1
4
∑
q
|Φq(1)|2 exp(−τǫq)
=
1
4
L/2∑
i
|Φ2i−1(1)|2 exp(−τǫ2i−1) , (2.27)
where we have used the relations in Eq. (2.13).
For bulk spins the matrix-element 〈n|Sxl |0〉 in eq(2.15)
is more complicated to evaluate, one has to go back to the
first equation of (2.15) and considers the time-evolution
in the Heisenberg picture:
Sxl (τ) = exp(τH)S
x
l exp(−τH)
=
1
2
A1(τ)B1(τ) . . . Al−1(τ)Bl−1(τ)Al(τ) . (2.28)
The general time and position dependent correlation
function
〈Sxl (τ)Sxl+n〉 =
1
4
〈A1(τ)B1(τ) · · ·Al(τ)A1B1 . . . Al+n〉 ,
(2.29)
can then be expanded using Wick’s theorem into a sum
over products of two-operator expectation values, which
can be expressed in a compact form as a Pfaffian:
4〈Sxl (τ)Sxl+n〉 =
| 〈A1(τ)B1(τ)〉 〈A1(τ)A2(τ)〉 〈A1(τ)B2(τ)〉 · · · 〈A1(τ)Al(τ)〉 〈A1(τ)A1〉 · · · 〈A1(τ)Al+n〉
〈B1(τ)A2(τ)〉 〈B1(τ)B2(τ)〉 · · · 〈B1(τ)Al(τ)〉 〈B1(τ)A1〉 · · · 〈B1(τ)Al+n〉
〈A2(τ)B2(τ)〉 · · · 〈A2(τ)Al(τ)〉 〈A2(τ)A1〉 · · · 〈A2(τ)Al+n〉
. . .
...
〈Bl+n−1Al+n〉
∣∣∣∣∣∣∣∣∣∣
= ± [detCij ]1/2 , (2.30)
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where Cij is an antisymmetric matrix Cij = −Cji, with
the elements of the Pfaffian (2.30) above the diagonal.
At zero temperature the elements of the Pfaffian are the
following:
〈Aj(τ)Ak〉 =
∑
q
Φq(j)Φq(k) exp(−τǫq) ,
〈Aj(τ)Bk〉 =
∑
q
Φq(j)Ψq(k) exp(−τǫq) ,
〈Bj(τ)Bk〉 = −
∑
q
Ψq(j)Ψq(k) exp(−τǫq) ,
〈Bj(τ)Ak〉 = −
∑
q
Ψq(j)Φq(k) exp(−τǫq) , (2.31)
whereas the equal-time contractions are given below
(2.18). For the finite temperature contractions see c.f.
[30].
For longitudinal correlations the matrix-elements of Szl
in (2.24) is given in a simple form for any position, l,
therefore Gzl (τ) can be obtained from the analogous ex-
pression to (2.15) as
Gzl (τ) =
1
4
∑
q
∑
p>q
| −Ψp(l)Φq(l) + Ψq(l)Φp(l)|2
· exp[−τ(ǫq + ǫp)] . (2.32)
III. PHENOMENOLOGICAL THEORY FROM
SCALING OF RARE EVENTS
In classical random ferromagnets where the critical be-
havior is controlled by a random fixed point the distri-
bution of several physical quantities (order-parameters,
correlations, autocorrelations, etc.) is broad and as a
consequence these quantities are not self-averaging: their
average and most-probable or typical values are different.
In random quantum spin chains the critical properties
are expected to be controlled by the infinite-randomness
critical fixed point [31], where the distributions are ex-
tremely (logarithmically) broad and as a consequence the
average and typical behavior of these quantities are com-
pletely different. The average is dominated by such re-
alizations (the so called rare events), which have a very
large contribution, but their fraction is vanishing in the
thermodynamic limit. In this Section we identify these
rare events for the random XY (and XX) model and
use their properties to develop a phenomenological the-
ory. Our basic observations are related to exact relations
about the surface order-parameter and the energy of low-
lying excitations.
A. Surface order-parameter and the mapping to
adsorbing random walks
The local order-parameter at the boundary is given by
the simple formula in Eq. (2.21) as a sum of products
of the ratio of the couplings Jy2j−1 and J
x
2j . It is easy to
see from Eq. (2.21) that in the thermodynamic limit the
average surface order-parameter is zero (non-zero), if the
geometrical mean of the Jx2j couplings is (smaller) grater
than that of the Jy2j−1 couplings. From this the definition
of the control parameters in Eqs. (2.2) and (2.5) follows.
Next we compute the average value of the surface
order-parameter for the extreme binary distribution, i.e.
the limit λ → 0 [32] in (2.6). For a random realiza-
tion of the couplings the surface order-parameter at the
critical point (p = q = 1/2) is zero, whenever a prod-
uct of the form of
∏l
i=1(J
x
i )
−2, l = 1, 2, . . . , L is infinite,
i.e. the number of λ-couplings exceeds the number of
λ−1-couplings in any of the [1, l] intervals. Otherwise
the surface order-parameter has a finite value of O(1).
The distribution of the couplings Jx can be represented
by one-dimensional random walks that start at zero and
make the i-th step upwards (for Jx2i = λ
−1) or downwards
(for Jx2i = λ). The ratio of walks representing a sample
with finite surface order-parameter is given by the sur-
vival probability of the walk Psurv, i.e. the probability of
the walker to stay always above the starting point in L/2
steps which is given by Psurv(L/2) ∼ L−1/2.
Next we consider the vicinity of the critical point,
when the scaling behavior of the average surface order-
parameter can be obtained from the survival probabilities
of biased random walks [15], where the probability that
the walker makes a step towards the adsorbing bound-
ary, q, is different from that of a step off the boundary,
p. The control parameter of the walk, δw = p − q, is
analogous to the quantum control parameters δa and δd
in Eqs. (2.2) and (2.5), respectively. Thus we have the
basic correspondences between the average surface order-
parameter of the XY (and XX) model and the surviving
probability of adsorbing random walks:
[m1(δ, L)]av ∼ Psurv(δw, L/2), δ ∼ δw , (3.1)
We recall the asymptotic properties of the surviving
probability of adsorbing random walks [15]. For unbi-
ased walks:
Psurv(δw = 0, L) ∼ L−1/2 , (3.2)
for walks with a drift away from the wall:
Psurv(δw > 0, L→∞) ∼ δw , (3.3)
and for walks with a drift towards the wall:
Psurv(δw < 0, L) ∼ exp(−L/ξw), ξw ∼ δ−2w . (3.4)
In this way we have identified the rare events for the sur-
face order-parameter, which are samples with a coupling
distribution which have a surviving walk character. The
scaling properties of the average surface order-parameter
and the correlation length immediately follow from Eqs.
(3.2), (3.3) and (3.4) and will be evaluated in Section
IV.A.
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B. Scaling of low-energy excitations
The rare events controlling the surface order-
parameter are also important for the low-energy excita-
tions. Our results are obtained by using a simple relation
for the smallest gap, ǫ1(l), of an open system of size l,
i.e. with free boundary conditions, expecting that it goes
to zero at least as ∼ 1/l. With this condition one can
neglect the r.h.s. of the eigenvalue problem of T in Eq.
(2.12), TV1 = ǫ1V1, and derive approximate expressions
for the eigenfunctions Φ1 and Ψ1. With these one arrives
at:
ǫ1(l) ∼ mx1mxl−1Jyl−1
l/2−1∏
j=1
Jy2j−1
Jx2j
, (3.5)
Here mx1 is defined in (2.21) and the surface order-
parameter at the other end of the chain, mxl−1, is given
as in Eq. (2.21) replacing Jy2j−1/J
x
2j by J
y
l+1−2j/J
x
l−2j .
(For details of the derivation of a similar expression for
the quantum Ising chain see in Ref. [33].)
Before using the relation in Eq. (3.5) we note that
(surface) order and the presence of low-energy excitations
are inherently related. These samples with an exponen-
tially (in the system size) small gap have finite, O(1),
order-parameters at both boundaries and the coupling
distribution follows a surviving walk picture. Such type
of coupling configuration represents a strongly coupled
domain (SCD), which at the critical point extends over
the size of the system, L. In the off-critical situation,
in the Griffiths phase the SCD-s have a smaller extent,
l ≪ L, and they are localized both in the volume and
near the surface of the system. The characteristic excita-
tion energy of an SCD can be estimated from Eq. (3.5)
as
ǫ1(l) ∼
l/2−1∏
j=1
Jy2j−1
Jx2j
∼ exp
{
− ltr
2
ln(Jy/Jx)
}
, (3.6)
where ltr measures the size of transverse fluctuations of
a surviving walk of length l and ln(Jx/Jy) is an aver-
age ratio of the couplings, (it is ln(Je/Jo) for the XX
model).
At the critical point (δ = 0), where l ∼ L, the size
of transverse fluctuations of the couplings in the SCD is
ltr ∼ L1/2 [15]. Consequently we obtain from Eq. (3.6)
for the scaling relation of the gap:
ǫ(δ = 0, L) ∼ exp(−const · L1/2) . (3.7)
Then the appropriate scaling variable is ln ǫ/
√
L and the
distribution of the excitation energy is extremely (loga-
rithmically) broad.
In the Griffiths phase the size of a SCD can be esti-
mated along the lines of Ref. [15] as l ∼ ξw lnL and the
size of transverse fluctuations is now ltr ∼ l ∼ lnL. Set-
ting this estimate into Eq. (3.6) we obtain for the scaling
relation of the gap:
ǫ(L) ∼ L−z , (3.8)
where z is the dynamical exponent as defined in Eq.
(1.1). The distribution of low-energy excitations can be
obtained from the observation that an SCD can be local-
ized at any site of the chain, thus PL(l) ∼ PL(ln ǫ) ∼ L.
For a given large L the scaling combination from Eq.
(3.8) is Lǫ1/z, thus we have:
P (ǫ) ∼ ǫ−1+1/z . (3.9)
As already mentioned z is a continuous function of the
quantum control parameter δ and we are going to calcu-
late its exact value in Section V.
C. Scaling theory of correlations
The scaling behavior of critical average correlations
is also inherently connected to the properties of rare
events. Here the quantity of interest is the probabil-
ity Pµ(l), which measures the fraction of rare events of
the local order-parameter mµl . For the surface order-
parameter mx1 it is given by the surviving probability,
P x(1) = Psurv, according to Eq. (3.1). We start with
the equal-time correlations in Eq. (2.3). In a given sam-
ple there should be local order at both reference points of
the correlation function in order to have Cµ(r) = O(1).
This is equivalent of having two SCD-s in the sample
which occur with a probability of Pµ2 (l, l + r), which
factorizes for large separation limr→∞ P
µ
2 (l, l + r) =
Pµ(l)Pµ(L + r), since the disorder is uncorrelated. The
probability of the occurrence of a SCD at position l,
Pµ(l), has the same scaling behavior as the local order-
parameter [mµl ]av = [〈φµ|Sµl |0〉]av, which behaves at a
bulk point, 0 < l/L < 1, as:
[mµl (L)]av ∼ L−x
µ
, (3.10)
whereas for a boundary point, l = 1, this relation in-
volves the surface scaling dimension xµ1 . Consequently
Pµ(l) transforms as Pµ(l/b) = b−x
µ
Pµ(l) under a scal-
ing transformation, when lengths are rescaled by a factor
b > 1. Recalling that for spatial correlations there should
be two independent SCD-s we obtain the transformation
law:
[Cµ(r)]av = b
−2xµ [Cµ(r/b)]av . (3.11)
Now taking b = r one recovers the power-law decay in
Eq. (2.4) with the exponent
ηµ = 2xµ . (3.12)
For critical time-dependent correlations the scaling be-
havior is different from that in Eq. (3.11). This is due
to the fact that disorder in the time direction is perfectly
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correlated and the autocorrelation function in a given
sample is Gµl (τ) = O(1), if there is one SCD localised at
position l. Therefore the average autocorrelation func-
tion [Gµl (ln τ)]av scales as the probability of rare events
Pµ(l):
[Gµl (ln τ)]av = b
−xµ [Gµl (ln τ/b
1/2)]av , (3.13)
where we have used the relation in Eq. (4.3) between
relevant length and time at the critical point. Taking the
length scale as b = (ln τ)2 we obtain for points l in the
volume:
[Gµl (τ)]av ∼ (ln τ)−η
µ
, (3.14)
whereas for surface spins, l = 1, one should use the cor-
responding surface decay exponent ηµ1 .
Next we turn to study the scaling properties of the
average correlation functions in the Griffiths phase, i.e.
outside the critical point. For equal-time correlations in
a sample Cµ(r) = O(1), if the SCD extends over a large
distance of r, which according to Eq. (3.4) is exponen-
tially improbable. Thus the average spatial correlations
decay as
[Cµ(r)]av ∼ exp(−r/ξ), ξ ∼ ξw , (3.15)
where ξw is defined in Eq. (3.4). On the other hand the
autocorrelation function in a sample is Gµ(τ) = O(1),
if there is one SCD localized at l, which occurs with a
probability of Pµ(l) ∼ 1/L. Consequently the average
autocorrelation function, which scales as Pµ(l), trans-
forms under a scaling transformation as:
[Gµl (τ)]av = b
−1[Gµl/b(τ/b
z)]av δ > 0 , (3.16)
where we used the scaling combination τ/bz in accor-
dance with Eq. (1.1). Now taking b = τ1/z we obtain
[Gµl (τ)]av ∼ τ−1/z , (3.17)
for any type of autocorrelations, both in the volume and
at the surface.
IV. CRITICAL PROPERTIES
Here we consider in detail the random XY and XX
chains in the vicinity of the critical points, as defined in
Eqs. (2.2) and (2.5), respectively. The off-critical prop-
erties of the systems in the Griffiths phase are presented
afterwards in the following Section.
A. Length- and time-scales
As we argued in the previous Chapter the average be-
havior of random quantum spin chains are inherently
related to the properties of the rare events, which are
SCD-s, having a coupling distribution of surviving RW
character. The typical size of an SCD, as given by ξw
in Eq. (3.4), is related to the average correlation length
of the system, [ξ]av. Then using the correspondences in
Eqs. (3.1), (3.4) and (3.15) we get the relation:
[ξ]av ∼ |δ|−ν , ν = 2 . (4.1)
The typical correlation length, ξtyp, as measured by
the average of the logarithm of the correlation func-
tion is different from the average correlation length.
One can estimate the typical value by studying the for-
mula in Eq. (2.21) for the surface order-parameter,
where the products are typically of
∏
j(J
y
2j−1/J
x
2j)
2 ∼
exp(const · |δ|L), thus [ms(L, δ〈0)]typ ∼ exp(−const ·
|δ|L) ∼ exp(−L/ξtyp). Thus we obtain:
νtyp = 1 . (4.2)
We note that at the critical point the largest value of
the above products is typically of
∏
j(J
y
2j−1/J
x
2j)
2 ∼
exp(AL1/2), since the transverse fluctuations in the cou-
plings are of O(L1/2), thus we have [ms(L, δ = 0)]typ ∼
exp(−const · L1/2).
As shown in Eq. (3.6) the value of the smallest gap is
related to the size of transverse fluctuations of an SCD,
ltr. Away from the critical point, when the correlation
length is finite, one has ltr ∼ ξ1/2, and therefore the typ-
ical relaxation time of a sample with typical correlation
length ξ scales as
ln tr ∼ ξ1/2 . (4.3)
We note that the results in this part about length-
and time-scales are valid both for the XY and XX mod-
els. They also hold in identical form for the random
TIM [9,15], which can be understood as a consequence
of the mapping of the XY -chain into decoupled TIM-s.
(See Appendix.) Since the corresponding scaling expres-
sions for the random TIM have been studied in detail in
previous numerical work [13,15] we do not repeat these
calculations here.
B. Quasi-long-range-order
At the critical point of random quantum chains the
equal-time correlations decay with a power-law, (see Eq.
(2.4)), thus there is QLRO in the system. The decay ex-
ponent of critical correlations are related to the scaling
exponent xµ of the fraction of rare events of the given
quantity (see Eq. (3.12)) and its value generally depends
on the type of correlations of the disorder, thus it could
be different for the XY and the XX models. Analyz-
ing the scaling properties of the rare events in the XY
and XX chains we have calculated the critical decay ex-
ponents of different correlation functions, both between
two spins in the volume and for end-to-end correlations.
Our results are presented in Table I.
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ηx(XY ) ηx(XX) ηz(XY ) ηz(XX)
bulk 3−√5(∗∗) 2(∗) 4 2(∗)
surface 1 1 2 1
TABLE I: Decay exponents of critical correlations in the ran-
dom XY and XX chains. The exponents with a superscript
(∗) are those calculated by Fisher with the RG method [4],
whereas (∗∗) follows from the results of the random TIM in
Ref. [9].
In the following we are going to derive these expo-
nents by analytical and scaling methods and then con-
front them with the results of numerical calculations.
1. Longitudinal order-parameter
We start with the scaling behavior of the longitudinal
order-parameter mzl , which in the XX chain is given by
the simple formula in Eq. (2.26). Summing over all sites
one gets the sum-rule
L∑
l=1
mzl = 1 XX−model , (4.4)
where we have used Eq. (2.13) and the fact that the Φq
and Ψq are normalized. Since this sum-rule is valid for
the average quantities, too, we get immediately
[mzl ]av = L
−1m˜z(l/L) , (4.5)
where m˜z(l˜) is a scaling function with l˜ = l/L. Conse-
quently for bulk spins the finite-size dependence of the
local order-parameter is [mzl ]av ∼ L−1, thus from Eq.
(3.10) we have xz(XX) = 1 and from Eq. (3.12) the
decay exponent is
ηz(XX) = 2
as given in Table I. A further consequence of the sum-rule
in Eq. (4.4) is that the average value of the bulk order-
parameter is the same, if the averaging is performed over
any single sample. Thus the order-parametermz and the
correlation function 〈Szl Szl+r〉 are self-averaging. This is
quite special in disordered systems where the correlations
are generally not self-averaging [34]. The self-averaging
properties of the Sz-correlations provides an explanation
of the accurate numerical determination of the decay ex-
ponent ηz(XX) = 2 in previous numerical work [25,26].
The surface order-parametermz1 for theXX model sat-
isfies the relation mz1 = 2 (m
x
1)
2
, which follows from Eqs.
(2.21) and (2.26). Then a rare event with mx1 = O(1)
is also a rare event for the order-parameter mz1, conse-
quently the fraction of rare-events P z1 is given by the
surviving probability in Eq. (3.2). Thus the scaling di-
mension is xz1 = 1/2 and the decay exponent of critical
end-to-end correlations is
ηz1(XX) = 1
as shown in Table I.
We studied the order-parameter profile [mzl ]av numeri-
cally for large finite systems up to L = 256. As shown in
Fig. 2 the numerical points of the scaled variable L[mzl ]av
are on one scaling curve m˜z(l˜) for different values of L.
The scaling curve has two symmetric branches for odd
and even lattice sites, which cross at l = L/2. The up-
per part of the curves in the large L limit is very well
described by the function m˜z(l˜)u = A sin(πl˜)−1/2, which
corresponds to the conformal result about off-diagonal
matrix-element profiles [27]:
[mµl ]av ∼
(π
L
)xµ (
sinπ
l
L
)xµ
1
−xµ
, (4.6)
with xz = 1 and xz1 = 1/2. On the other hand the lower
part of the curves in Fig. 2 is given by m˜z(l˜)l = A sin(πl˜),
which corresponds to Eq. (4.6) with xz2 = 2. Thus
we obtain that average critical correlations between two
spins which are next to the surface are decaying as
[Cz(2, L − 1)]av ∼ L−4. Using the sum-rule for the pro-
file in Eq. (4.4) and the conformal predictions one can
determine the pre-factor A from normalization. Then
from the equation A/2 ∫ 10 [(sinπx)−1/2 + sinπx]dx = 1,
one gets A = .86735, which fits well the numerical data
on Fig. 2.
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FIG. 2. Finite size scaling plot of the longitudinal or-
der-parameter profiles [mzl ]av for the XX model at critical-
ity for different system sizes calculated numerically with the
fermion method using eq. (2.26). The data are for the uniform
distribution, averaged over 50000 samples. The conformal re-
sults are indicated by full lines.
These results about the conformal properties of the
profile are in agreement with similar studies of the ran-
dom TIM [14,15]. Thus it seems to be a general trend
that critical order-parameter profiles of random quantum
spin chains are described by the results of conformal in-
variance, although these systems are strongly anisotropic
(see Eq. (4.3)) and therefore not conformally invariant.
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Next we turn to study the order-parameter mzl and
the longitudinal correlation function in the random XY
model. In this model the disorder in the Jxl and J
y
l cou-
plings is uncorrelated, therefore one can perform aver-
aging in the two subspaces Tσ and Tτ , or in the two
decoupled TIM-s, independently. Note that the expres-
sion for mzl in Eq. (2.25) is given as a product of two
vector-components, where each vector belongs to differ-
ent subspaces and have the same average behavior. Since
the couplings entering the two separate eigenvalue prob-
lems are independent one gets for the disorder average
[mzl ]av = [Φ1(l)]av · [Ψ2(l)]av . (4.7)
Since the probability for mzl being of order one is the
product of the probabilities for Φ1(l) and Ψ2(l) being of
order one we conclude that the scaling dimension for mzl
in the random XY chain is twice that for the random
XX chain. Thus the decay exponents are
ηz(XY ) = 4
and
ηz1(XY ) = 2
in the bulk and at the surface, respectively, as shown in
Table I.
The numerical results about the order parameter pro-
file is shown in Fig. 3. The data collapse is satisfactory,
although not as good as for the XX model. Similar con-
clusion holds for the relation with the conformally pre-
dicted profile, which is also presented in Fig. 3.
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FIG. 3. Finite size scaling plot of the longitudinal or-
der-parameter profiles [mzl ]av for the XY model at critical-
ity for different system sizes calculated numerically with the
fermion method using eq. (2.26). The data are for the uni-
form distribution, averaged over 50000 samples.
2. Transverse order-parameter
We start with the surface order-parameter, mx1 , as
given by the simple formula in Eq. (2.21). This for-
mula is identical both for the XY and XX models and
its average behavior follows from the adsorbing random
walk mapping in Section III.A. Then from Eqs. (3.1) and
(3.2) one gets xx1 = 1/2 and
ηx1 = 1 ,
both for the random XY and XX models, as shown in
Table I. The value of the decay exponents follows also
from the mapping to two TIM-s. As shown in Eq. (A8)
in the Appendix the correlation function 〈Sx2lSx2l+2r〉 is
expressed as the product of spin correlations in the two
TIM’s, one with open boundary conditions, but the other
is taken with fixed-spin boundary conditions in terms of
dual variables. For end-to-end correlations this second
factor in the product is unity, since it is the correlation
between two fixed spins. Therefore end-to-end correla-
tions between the random TIM and the random XY and
XX models are identical and the decay exponent corre-
sponds to the value in Table I.
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FIG. 4. Transverse order-parameter profile [mxl ]av for the
XY model at criticality for different system sizes calculated
numerically with the fermion method using eq. (2.22). The
data are for the uniform distribution, averaged over 50000
samples.
For bulk correlations one can easily find the answer
for the XY model with the mapping in Eq. (A8).
When the two points of reference are located far from
the boundary the boundary condition does not matter
and after performing the independent averaging for the
two factors of the product one obtains [〈Sx2lSx2l+2r〉]av =
1/4[〈σxl σxl+r〉]2av, thus
ηx(XY ) = 2η(TIM) = 3−
√
5 , (4.8)
where the last result follows from Fisher’s RG calcula-
tion [9]. (As shown in Ref. [35] the rare events for the
bulk order-parameter in the TIM are samples having a
coupling distribution of average persistence character).
The scaling exponent xx(XY ) can identically be obtained
from the expression of the order-parameter profile in Eq.
10
(2.22), which is in the form of a product of the two Ising
order-parameters and for the XY model the two factors
are averaged independently.
For the XY model the numerically calculated profile is
shown in Fig. 4. The scaling plot with the exponents in
Table I is reasonable, although larger systems and even
more samples would be needed to reach the expected
asymptotic behavior, as predicted by conformal invari-
ance in Eq. (4.6).
The arguments leading to the prediction (4.8) for the
transverse bulk order parameter exponent do not apply
for the XX model and one cannot obtain a simple es-
timate for the bulk decay exponent from Eqs. (A8) or
(2.22) due to the following reason. The expressions with
the parameters of the two quantum Ising chains contain
real and dual variables for the two (σ and τ) systems.
Since Jxl = J
y
l = Jl a domain of strong couplings in the
σ chain corresponds to a domain of weak couplings in
the τ chain and reverse. Therefore the rare events of the
TIM can not be simply related to the rare-events of the
XX chain.
The value for ηx(XX), however, can be obtained by
the following argument. For simplicity let us consider
the extreme binary distribution in which J2i = 1 and
J2i−1 = λ or 1/λ with probability 1/2, taking the limit
λ → 0. Then, from Eq.(2.21), one gets only then a
non-vanishing transversal surface magnetization, when
the disorder configuration has a surviving walk character
(meaning
∏l
i=1 J2i−1 < ∞ for all l = 1, . . . , L/2 − 1).
This implies, also for general distributions of couplings
that mx1 ∼ O(1) only if the surface spin is weakly coupled
to the rest of the system. It is instructive to note the dif-
ference to the surface magnetization in the TIM, where
mx1 ∼ O(1) when the surface spin is strongly coupled to
the rest of the system, meaning that
∏l
i=1(1/Ji) <∞ for
all l = 1, . . . , L− 1 for the extreme binary distribution.
The same remains true for a bulk spin, which also
has non-vanishing transverse magnetization only if it is
weakly coupled to the rest of the system (the trivial ex-
ample being when both its couplings to the left and to
the right are exactly zero, which gives the maximum
value mx1 = 1/2). Thus the central spin in a chain of
length, say 2L − 1, has mx ∼ O(1) if and only if the
bond-configurations on both sides have surviving char-
acter, as it is depicted in fig. 4 for the extreme binary
distribution. Since the probability Psurv(L/2) for a con-
figuration of L/2 couplings to represent a surviving walk
is Psurv(L/2) ∼ L−1/2 it is
mxl ∼ {Psurv(L/2)}2 ∼ L−1, i.e. xx(XX) = 1 . (4.9)
From this one obtains
ηx(XX) = 2 , (4.10)
as given in Table I.
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FIG. 5. Sketch of a bond configuration for a chain of length
2L − 1 that gives a non-vanishing transverse magnetization
mx ∼ O(1) for the central (bulk) spin. The example is for
the extreme binary distribution. Weak couplings (J2i−1 = λ)
correspond to downward steps of the random walk on both
sides of the central spin (here at 0). Note that both, the right
and the left half of the random walk have surviving character,
i.e. do not cross the starting point.
We verified the strong correlation between weak cou-
pling and non-vanishing transverse order parameter nu-
merically in the following way: We considered a chain
with L + 1 sites and the couplings at both sides of the
central spin were taken randomly from a distribution
called SW [36], which represents those samples in the
uniform distribution which has a surface magnetization
of mx1(SW ) > 1/4. (Thus cutting one of the couplings
to the central spin results a local magnetization greater
than 0.25.) Then we calculated numerically the order-
parameter at the central spin and its average value over
the SW configurations [mxL/2]sw as given in Table I.
L 2[mx1 ]sw 2[m
x
L/2]sw
16 0.817 0.531
32 0.806 0.471
64 0.799 0.431
128 0.792 0.413
256 0.791 0.383
TABLE II: Surface and bulk transverse order-parameters av-
eraged over 50000 SW configurations for the uniform distri-
bution.
As seen in the Table the averaged surface order-
parameter stays constant for large values of L, whereas
the bulk order-parameter decreases very slowly, actu-
ally slower than any power. The data can be fitted by
[mxL/2]sw ∼ (lnL)−σ, with σ ≈ 0.5. Thus we conclude
that the numerical results confirm the exponents given in
(4.10), however there are strong logarithmic corrections,
which imply for the average transverse correlations
[Cx(r)]av ∼ r−2 ln−1(r) XX−model . (4.11)
These strong logarithmic corrections render the numeri-
cal calculation of critical exponents very difficult [26,25].
In earlier numerical work using smaller finite systems dis-
order dependent exponents were reported [25]. We be-
lieve that these numerical results can be interpreted as
effective, size-dependent exponents and the asymptotic
critical behavior is indeed described by Eq. (4.11).
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Note that our results in Table I satisfy the relation
ηx(XX) = ηz(XX), both in the volume and at the sur-
face, which corresponds to Fisher’s RG result [4]. In
this way we have presented in independent justification
of Fisher’s RS phase picture, where the average corre-
lations are dominated by random singlets, so that the
distance between the pairs could be arbitrarily large.
0
2
4
6
8
10
12
14
16
18
20
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
L 
[m
lx
] av
(l-0.5)/L
L=8
L=16
L=32
L=64
L=128
L=256
L=512
FIG. 6. Transverse order-parameter profile [mxl ]av for the
XX model at criticality for different system sizes calculated
numerically with the fermion method using eq. (2.22). The
data are for the uniform distribution, averaged over 50000
samples.
We checked numerically the above theoretical predic-
tions in the random XX model. In Fig. 6 we present
the scaled mxl profiles for the binary distribution for fi-
nite systems up to L = 512. The profiles have a broad
plateau and the points of Lx
x
mxl do not perfectly fall on
one scaling curve due to strong finite-size effects. Even
system sizes as large as L = 512 appear to be insufficient
to get rid of such correction terms. Therefore we have
calculated the effective size-dependent xx(L) exponents
by a two-point fit. For this we have averaged the order-
parameter in the middle of the profile for L/4 < l < 3L/4
and compared this average values for finite systems with
L/2 and L sites. As seen in Table III the effective ex-
ponents are monotonously increasing with the size of
the system and they are not going to saturate, even for
L = 512 [37].
L xx(L)
16 0.635
32 0.677
64 0.730
128 0.823
256 0.872
512 0.910
TABLE III: Effective bulk scaling dimension of the transverse
order-parameter in the random XX chain.
From the data in Table III one can not make an ac-
curate estimate about the limiting value of xx(L), but it
is clear that xx(L) grows at least up to the theoretical
limit xx = 1, although it could, in principle, reach even a
larger value. We note that similar observation was made
by Henelius and Girvin from the average Sx correlation
function, where the effective ηx exponents seem to grow
over the theoretically predicted value of ηx = 2. (See
Fig. 2 of Ref [26].)
C. Autocorrelations
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FIG. 7. Spin autocorrelation function [Gµl (τ )]av for the
XX model for L = 32, 64 and 128 calculated numerically
with the fermion method using eqs. (2.27) and (2.32). The
data are for the binary distribution (λ = 4), averaged over
50000 samples. a) (Top) shows l = 1, the surface transverse
autocorrelations, b) (Bottom) shows l = L/2, the bulk longi-
tudinal autocorrelations.
According to the scaling theory in Section III.C the de-
cay of average critical autocorrelations in random quan-
tum spin chains is ultra-slow, it takes place in logarith-
mic time-scales, as given in Eq. (3.14). Here we confront
these predictions with the results of numerical calcula-
tions. We start with the surface autocorrelation function
[Gx1(τ)]av for theXX model, which is calculated in the bi-
nary distribution (λ = 4) on finite systems up to L = 128.
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As seen in fig. 7 (top) the logarithmic time-dependence is
well satisfied and the decay exponent is found in agree-
ment with ηx1 (XX) = 1 as given by the scaling result
in Eq. (3.14). For bulk spin critical autocorrelations we
considered [GzL/2(τ)]av for the XX model. Again the
numerical results in Fig. 7 (bottom) are consistent with
a logarithmic decay with an exponent ηz(XX) = 2, as
given in Table I.
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FIG. 8. Scaling plot of the probability distribution of the
autocorrelation function Gµl (τ ) for the XX-model for differ-
ent values of τ at criticality (L = 128). The data are for the
uniform distribution averaged over 100000 samples. a) (Top)
shows l = 1, the surface transverse autocorrelations, b) (Bot-
tom) shows l = L/2, the bulk longitudinal autocorrelations.
Next we turn to study the distribution of critical au-
tocorrelations. As we have seen the average behavior
is logarithmically slow, but for typical samples, as de-
scribed in Appendix B, one expects a faster decay with
a power-law time-dependence. Then Gµl (τ) ∼ τ−γ and
the γ exponent could vary from sample to sample. Such
type of “multi-scaling” behavior of the autocorrelations
has been recently observed by Kisker and Young [38] in
the random quantum Ising model. In Fig. 8 we have nu-
merically checked this assumption for the critical auto-
correlations Gx1(τ) and G
z
L/2(τ), respectively, of the ran-
dom XX chain, the average behavior of those have been
studied before. As seen in Fig. 8 we have obtained in-
deed a good data collapse of the probability distributions
Pµ(γ) in terms of the scaling variable γ = − lnGµl / ln τ
for both type of autocorrelations, but the scaling curve
in the two cases are different.
The average correlation function generally have a con-
tributions from the scaling function, Pµ(γ), but there
could be also non-scaling contributions, as found for the
random quantum Ising chain in Ref [39]. The scaling
contribution is coming from the small γ part of the scal-
ing function, which according to Fig. 8 (top) for the au-
tocorrelations Gx1(τ) approaches a finite value linearly,
P x(γ) ∼ A+Bγ. Thus we have for the average autocor-
relations:
[Gx1 (τ)]av =
∫ ∞
0
P x(γ)Gx1(τ)dγ
∼
∫ ∞
0
(A+Bγ) exp(−γ ln τ)dγ
∼ A(ln τ)−1 +B(ln τ)−2 , (4.12)
in agreement with the scaling result in Eq. (3.14) and
with the numerical result in Fig. 8 (top) We note that
the correction to scaling contribution to the average au-
tocorrelations in Eq. (4.12) is also logarithmic.
For the critical autocorrelation GzL/2(τ) the scaling
function in Fig. 8 (bottom) for small γ approaches lin-
early zero [40] P z(γ) ∼ γ. Thus the scaling contribution
to the average autocorrelation, as evaluated along the
lines of Eq. (4.12), is [Gx1(τ)]av ∼ (ln τ)−2, in agreement
with the scaling result in Eq. (3.14).
V. GRIFFITHS PHASE
Random quantum systems exhibit unusual off-critical
properties: they are gap-less in a extended region, 0 <
|δ| < δG, as a result of the so called Griffiths-McCoy
singularities [19,41]. In this Griffiths phase the system
is critical in the time direction, although spatial correla-
tions decay exponentially.
Quantitatively the basic information is contained in
the distribution of low energy excitations, P (ǫ), as given
in Eq. (3.9). With this the average autocorrelations can
be obtained as:
[G(τ)]av ∼
∫ ∞
0
P (ǫ) exp(−τǫ)dǫ ∼ τ−1/z , (5.1)
which is expected to hold for any component of the spin
[42]. In this way we have recovered the scaling result in
Eq. (3.17). In the Griffiths phase also some thermody-
namic quantities are singular, which are expressed as an
integral of the autocorrelation function. We mention the
local susceptibility χxl at site l, which is defined through
the local order-parameter mxl in Eq. (2.16) as
χxl = lim
Hx
l
→0
∂mxl
∂Hxl
, (5.2)
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where Hxl is the strength of the local longitudinal field,
which enters the Hamiltonian in (2.1) via an additional
term Hxl S
x
l . χ
x
l can be expressed as:
χxl = 2
∑
〈n|
|〈n|Sxl |0〉|2
En − E0 , (5.3)
thus its average value scales in finite systems as χxl (L) ∼
Lz−1, where we have used the scaling relation in Eq.
(3.8) and the fact that the matrix-element in Eq. (5.3)
is ∼ 1/L, since an SCD can be localized at any site of
the chain. For a small finite temperature T we can use
the scaling relations T ∼ ǫ ∼ L−z and we have for the
singular behavior:
[χxl (T )]av ∼ T−1+1/z . (5.4)
To estimate the temperature dependence of the aver-
age specific heat, [C(T )]av, we calculate first the aver-
age excitation energy per SCD with P (ǫ) in Eq. (3.9) as∫
ǫP (ǫ)dǫ ∼ ǫ1/z+1, which is proportional to the thermal
excess energy per spin ∼ T 1/z+1, from which we obtain:
[C(T )]av ∼ T 1/z . (5.5)
We note that several other physical quantities are singu-
lar in the Griffiths phase (non-linear susceptibility, higher
excitations, etc) and the corresponding singularities are
expected to be related to the dynamical exponent z. For
a detailed study of this subject in the random quantum
Ising model see Ref. [22].
In the following we calculate the exact value of the dy-
namical exponent using the same strategy as for the ran-
dom quantum Ising model in Ref [20,21]. Our basic ob-
servation is the fact that the eigenvalue problem of the Tσ
(or Tτ ) matrix can be mapped through an uniter transfor-
mation to a Fokker-Planck operator, which appear in the
Master equation of a Sinai diffusion, i.e. random walk in
a random environment [23]. The transition probabilities
of the latter problem are then expressed with the cou-
pling constants of the spin model. The Griffiths phase
of the spin model corresponds to the anomalous diffusion
region of the Sinai walk and from the exact results about
the scaling form of the energy scales in this problem one
obtains for the dynamical exponent of the XY model:[(
Jx
Jy
)1/z]
av
= 1 , (5.6)
whereas for the XX model the result follows with the
correspondences in Eq.(2.8). For the binary distribution
in Eq. (2.6) the Griffiths phase is for 1 < Jy0 < λ and z
is given by:
(Jy0 )
1/z
= cosh
(
lnλ
z
)
. (5.7)
For the uniform distribution
z ln
(
1− z−2) = − lnJy0 , (5.8)
and the Griffiths phase extends to 1 < Jy0 <∞.
Next we are going to study numerically the Griffiths
phase and to verify some of the scaling results described
above. In this respect we shall not consider those quanti-
ties which have an equivalent counterpart in the random
quantum Ising model (distribution of energy gaps, lo-
cal susceptibility, specific heat, etc), since that model
has already been thoroughly investigated numerically
[13,16,15,22]. The autocorrelation functions, however,
are different in the two models and we are going to study
those in the following.
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FIG. 9. The average surface (top) and bulk (bottom) au-
tocorrelation function [Gµ
L/2;1
(τ )]av of the XX model in the
Griffiths-phase for various values of h0. The straight lines
have a slope of 1/z(h0), where the dynamical exponent z(h0)
agrees well the exact value determined via the formula (5.6).
The data are for the uniform distribution averaged over 50000
samples of size L = 128.
The average bulk longitudinal autocorrelation function
[GzL/2(τ)]av of the XX model is shown in Fig. 9 in a log-
log plot at different points of the Griffiths phase. The
asymptotic behavior in Eq. (5.1) is well satisfied and
the dynamical exponents obtained from the slope of the
curves are in good agreement with the analytical results
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in Eq. (5.6). Similar conclusion can be drawn from the
average surface transverse autocorrelations, [Gx1(τ)]av, as
shown in Fig. 9.
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FIG. 10. (Top): Probability distribution of the bulk lon-
gitudinal autocorrelation function of the XX model in the
Griffiths phase for h0 = 1.5. The data are for the uniform
distribution from 100000 samples of size L = 128.
(Bottom): Scaling plot of the data in the top figure. The
scaling variable [lnG(τ )]/τ 1/(z+1) contains the dynamical ex-
ponent z(h0) known from the formula (5.6). The full curve
is the theoretical prediction in (5.11) using the exact value of
z(h0 = 1.5) = 2.659 and a fit-parameter c = 0.22.
Next we study the distribution of the autocorrelation
functions. In Fig. 10 the distribution of the bulk longitu-
dinal autocorrelation function of the XX model is given
at different times τ . As argued in the Appendix the typ-
ical autocorrelations are of a stretched exponential form
G(τ) ∼ exp
(
−const τ1/(1+z)
)
, (5.9)
thus the relevant scaling variable is
α = − lnG(τ)
τ1/(z+1)
. (5.10)
Using this scaling argument we obtained a good data col-
lapse of the points of the distribution function as shown
in Fig. 10 . We note that for the random quantum Ising
model Young [16] has also derived the scaling function
from phenomenological arguments,
P (x) = c(cx)1/z exp
(
− z
1 + z
(cx)1+1/z
)
(5.11)
which is also presented in Fig. 10. One can see consid-
erable differences between the numerical and theoretical
curves. Similar tendencies have been noticed for the ran-
dom quantum Ising model in Ref [16]. The discrepancies
are probably due to strong correction to scaling or finite
size effects. These corrections, however does not affect
the scaling form in Eq. (5.10).
VI. DISCUSSION
In this section we first discuss the possible extension of
our results to random XXZ chains and to higher dimen-
sional systems, then we conclude with a brief summary
of our findings.
A. Random XXZ chains
The more general XXZ (or XY Z) Heisenberg spin
chain, where the Hamiltonian in Eq. (2.1) contains an
additional interaction term of the form
HZ =
L−1∑
l=1
Jzl S
z
l S
z
l+1 , (6.1)
can be treated perturbatively when Jzl ≪ Jx, Jy. Here
we consider the XXZ chain, with Jzl = λJl and λ ≪ 1.
To see the scaling behavior of the energy gap we express
the small perturbation, HZ , in terms of two decoupled
TIM-s (see Appendix) as
HZ = −1
4
L/2−1∑
i=1
(
Jz2i−1σ
z
i τ
z
i + J
z
2iσ
x
i σ
x
i+1τ
x
i τ
x
i+1
)
, (6.2)
whose expectation value in the unperturbed ground state
is just the product of the local energy-densities of the
TIM-s. The perturbative correction to the gap, ∆z(L) =
〈1|Hz|1〉 − 〈0|Hz|0〉, evaluated with the states of the un-
perturbed Hamiltonian, 〈0| and 〈1|, is proportional to the
gap of one of the random TIM’s, ǫσ(L). At the critical
point ǫσ(L) ∼ exp(−const · L1/2) [15], which is the same
scaling form as for the XY model in Eq.(3.7). Thus the
scaling relation in Eq. (4.3) is valid also for the XXZ
chain. In the Griffiths-phase one has again ǫσ(L) ∼ L−z,
and the dynamical exponent z, has the same value as in
Eq. (5.6). Thus we arrive at the conclusion that also in
the Griffiths phase the corresponding scaling relation in
Eq. (1.1) is valid in the same form for the random XXZ
chain, at least for small Jz couplings.
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Next we study the asymptotic properties of average
critical correlations in the random XXZ model through
the scaling behavior of the local order-parameters. As
we argued in Section III these quantities are related to
the fraction of rare events, Pµ, and here we are going to
investigate the influence of the perturbation HZ to P
µ.
We start with the surface transverse order-parametermx1
and recall that it is maximal, i.e. mx1 = 1/2, if the surface
spin is disconnected in the XY -plane, i.e. Jx1 = J
y
1 = 0.
Evidently the value of mx1 = 1/2 does not change for
any finite value of the coupling Jz1 . Now consider the
infinite-randomness fixed point of the XX chain with
the extreme binary distribution, where a rare event is
represented by couplings with a surviving random walk
configuration and with mx1 = O(1). Roughly speaking, a
rare event is formally equivalent to a situation, in which
there is a very weak surface coupling of J1 = O(L
−1/2),
where L is the system size. Then switching on homo-
geneous and finite couplings Jz the lowest excitation of
the chain stays localized at the surface, since the shape of
the wave-function does not change significantly in first or-
der perturbation theory. Consequently the surface order-
parameter is still mx1 = O(1), and the sample is a rare
event for the XXZ chain, too. For small random cou-
plings Jzl the accumulated fluctuations in J
z
l are diver-
gent as ∼ L1/2, however these are still negligible com-
pared with the fluctuations in the transverse couplings.
Thus the rare events of the XX chain are identical with
those appearing in the XXZ chain for small values of the
random longitudinal couplings. As a consequence the
critical end-to-end average correlations decay with the
same exponent as given in Table I. Since the rare events
for other local order-parameters are also connected to
SCD-s with localized wave-functions the stability of the
infinite-randomness fixed point holds for the other crit-
ical correlations, too. Actually, it seems to be plausible
that the attracting region of the XX fixed point extends
up to [ln Jx]av > [ln J
z]av, i.e. where the average trans-
verse couplings are larger than the longitudinal ones, thus
up to the random XXX fixed point, in agreement with
Fisher’s conjecture [4].
B. Higher dimensions
In one dimension the topology is special since there is
only a single path between two points, whereas in higher
dimensional lattices one has several distinct paths con-
necting two points. This topological difference is essen-
tial when random XX magnets are considered in higher
dimensions. Let us consider again the surface transverse
order-parameter and construct a rare event in the ex-
treme binary distribution. For this purpose the surface
spin should be extremely weakly coupled to the bulk of
the system. Thus considering any non-self-crossing path
from the spin to the volume one should have a surviving
random walk configuration in the couplings. In higher di-
mensions the number of such paths grows exponentially
with the size of the system, L, thus the fraction of rare
events, which is related to the length as a power in one di-
mensions, becomes exponentially small in higher dimen-
sions. Consequently the infinite-randomness fixed point
picture is not applicable here and one concludes that the
critical properties of higher dimensional XX and Heisen-
berg antiferromagnets are controlled by conventional ran-
dom fixed points. This result is also in agreement with
numerical RG calculations in 2d [12]. We note that in
contrast to random Heisenberg antiferromagnets the ran-
dom ferromagnetic quantum Ising models in higher di-
mensions are still controlled by infinite-randomness fixed
points [44,12].
C. Summary
Quantum spin chains in the presence of quenched dis-
order show unusual critical properties, which are con-
trolled by the infinite-randomness fixed point. A common
feature of these systems is that various physical proper-
ties, especially those related to local order-parameters
and correlation functions are not self-averaging and their
average behavior is determined by the rare events (or rare
regions), which give the dominant contribution, although
their fraction is vanishing in the thermodynamic limit. In
this paper we have performed a detailed study of the scal-
ing behavior of rare events appearing in the random XY
and XX chains. We identified the rare events as strongly
coupled domains, where the coupling distribution follows
some surviving random walk character. From the scal-
ing properties of the rare events we have identified the
complete set of critical decay exponents and found exact
results about the correlation length exponent and the
scaling anisotropy.
Another new aspect of our work was the study of dy-
namical correlations. We have obtained the asymptotic
behavior of the average autocorrelation function and de-
termined the scaling form of the distribution of autocor-
relations. In the off-critical regime we investigated the
singular physical quantities in the Griffiths phase. In
particular we have obtained exact expression for the dy-
namical exponent z, which is a continuous function of
the quantum control-parameter and the singularities of
all physical quantities can be related to its value.
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APPENDIX: MAPPING TO DECOUPLED ISING
QUANTUM CHAINS
We start here with the observation in Section IIB that
the eigenvalue matrix T in Eq. (2.12) can be represented
as a direct product T = Tσ
⊗
Tτ . The trigonal matri-
ces Tσ , Tτ of size L × L represent transfer matrices of
directed walks, which are in one-to-one correspondence
with Ising chains in transverse field [29] defined by the
Hamiltonians:
Hσ = −1
4
L/2−1∑
i=1
Jx2iσ
x
i σ
x
i+1 −
1
4
L/2∑
i
Jy2i−1σ
z
i
Hτ = −1
4
L/2−1∑
i=1
Jy2iτ
x
i τ
x
i+1 −
1
4
L/2∑
i
Jx2i−1τ
z
i . (A1)
Here the σx,zi and τ
x,z
i are two sets of Pauli matrices at
site i and there are free boundary conditions for both
chains. We can then write HXY = Hσ + Hτ . Note the
symmetry σx,zi ↔ τx,zi and Jxl ↔ Jyl , thus anisotropy
in the XY model has different effects in the two Ising
chains.
One can easily find the transformational relations be-
tween the XY and Ising variables:
σxi =
2i−1∏
j=1
(
2Sxj
)
, σzi = 4S
y
2i−1S
y
2i
τxi =
2i−1∏
j=1
(
2Syj
)
, τzi = 4S
x
2i−1S
x
2i , (A2)
whereas the inverse relations are the following:
2Sx2i−1 = σ
x
i
i−1∏
j=1
τzj , 2S
x
2i = σ
x
i
i∏
j=1
τzj
2Sy2i−1 = τ
x
i
i−1∏
j=1
σzj , 2S
y
2i = τ
x
i
i∏
j=1
σzj . (A3)
We note that a relation between the XY model and two
decoupled Ising quantum chains in the thermodynamic
limit is known for some time [43,4], here we have ex-
tended this relation for finite chains with the appropri-
ate boundary conditions. These are essential to map local
order-parameters and end-to-end correlation functions.
End-to-end correlations are related as
〈Sx1SxL〉 =
1
4
〈σx1σxL/2〉〈
L/2∏
i=1
τzi 〉 =
1
4
〈σx1σxL/2〉 , (A4)
since in the ground state 〈∏L/2i=1 τzi 〉 = 1. Similarly
〈Sy1SyL〉 =
1
4
〈τx1 τxL/2〉 , (A5)
thus the end-to-end correlations in the two models are in
identical form. As a consequence the corresponding de-
cay exponent in the random models, ηx1 in Table I is the
same in the two systems and the same conclusion holds
also for the correlation length exponent, ν in Eq. (4.1).
These results are also independent of the type of correla-
tion of the disorder, thus are valid both for the XY and
XX models.
Correlations between two spins at general positions 2l
and 2l + 2r are related as
〈Sx2lSx2l+2r〉 =
1
4
〈σxl σxl+r〉〈
r∏
i=1
τzl+i〉 . (A6)
The second factor in the r.h.s., 〈∏ri=1 τzl+i〉, defines a
string-like order-parameter [26] what can be expressed in
a simpler form in terms of the dual Ising variables τ˜xi+1/2,
which are defined on the bonds of the original Ising chain
as
τ˜zi+1/2 = τ
x
i τ
x
i+1
τzi = τ˜
x
i−1/2τ˜
x
i+1/2 . (A7)
Under the duality transformation fields and couplings are
exchanged, therefore the vanishing bonds at the two ends
of an open chain are transformed to vanishing fields, thus
the dual chain has two end spins fixed to the same state.
So we obtain for the correlations in Eq. (A6)
〈Sx2lSx2l+2r〉 =
1
4
〈σxl σxl+r〉〈τ˜xl+1/2 τ˜xl+r+1/2〉++ , (A8)
where the superscript ++ denotes fixed-spin boundary
condition. For non-surface points the average value of
the correlation function in Eq. (A8) depends on the type
of disorder correlations. For the XY model, where the
disorder is uncorrelated the two factors in Eq. (A8) can
be averaged separately, whereas this is not possible for
the XX model. We treated this point in Sections IV.B.2.
APPENDIX: DISTRIBUTION OF
AUTOCORRELATION FUNCTIONS
The autocorrelation functions is represented by the
general form:
G(τ) =
∑
k
|Mk|2 exp(−τ∆Ek) (B1)
where the dominant contributions to the sum in Eq. (B1)
are from SCD-s, which are localized at some distance l
from the spin and have a very small excitation energy,
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∆E(l). The scaling form of ∆E(l) follows from the con-
siderations in Section III.B and one obtains from Eqs.
(3.7) and (3.8)
∆E(l) ∼
{
ǫ0 exp(−Al1/2), δ = 0
ǫ0l
−z(δ), δ < 0
, (B2)
at the critical point and in the Griffiths phase, respec-
tively, where ǫ0 denotes the energy scale. Thus the larger
the distance from the spin the larger the probability to
have an SCD with a very small energy. For the matrix-
element, |M(l)|2, the tendency is the opposite since the
overlap with the wave-function of the SCD is (exponen-
tially) decreasing with the distance. The corresponding
scaling form can be read from the typical behavior of the
surface order-parameter as given below and above Eq.
(4.2) as
|M(l)|2 ∼
{
exp(−Bl1/2), δ = 0
exp(−l/ξtyp), δ < 0 . (B3)
Then G(τ) in Eq. (B1) can be approximated by a sum
which runs over SCD-s localized at different distances,
l, and this sum is dominated by the largest term with
l = l0:
G(τ) ∼ |M(l0)|2 exp(−τ∆E(l0)) . (B4)
Using the scaling forms in Eqs. (B2) and (B3) one gets
following result.
At the critical point the characteristic distance is l0 =
[ln(τǫ0A/B)/A]
2 and the typical autocorrelation function
decays as a power:
G(τ) ∼ τ−B/A, δ = 0 , (B5)
Thus the relevant scaling variable of the problem is
γ = − lnG(τ)
ln τ
, δ = 0 . (B6)
In the Griffiths phase the characteristic distance has a
power-law τ dependence, l0 = ξtyp(τǫ0z)
1/(z+1), which
is however different from the average scaling form in Eq.
(1.1). The typical autocorrelations now are in a stretched
exponential form:
G(τ) ∼ exp
[
−(τǫ0z)1/(z+1)
(
1 +
1
z
)]
, δ 6= 0 , (B7)
and the relevant scaling variable is given in Eq. (5.10).
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